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Two important problems in studying the quantum black hole, namely the construction of
the Hilbert space and the definition of the time evolution operator on such Hilbert space, are
discussed using the de Sitter background field method for an observer far from the black hole.
This is achieved through the ambient space formalism. Remarkably, in this approximation
(distant observer), the theory preserves unitarity and analyticity, it is free from any infrared
divergence, and it renders a quantum black hole entropy that turns out to be finite.
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I. INTRODUCTION
In a previous paper the microscopic origin of the de Sitter (dS) entropy in the context of quantum
field theory (QFT) in ambient space formalism was considered and the total number of quantum states
was calculated [1]. For this purpose the Hilbert spaces for QFT in dS ambient spaces were constructed.
In fact the QFT in ambient space formalism enables us to consider QFT in a rigorous mathematical
framework based on the analyticity of the complexified pseudo-Riemannian manifold and the group
representation theory (see [2] for a review). With this formalism the author has been able to obtain
some interesting results [2–7].
In the present paper, building upon the work on the Hilbert spaces and the time evolution operator
obtained previously, we show that this formalism can also be used to solve the well-known problems
of unitarity in the quantum dS-black hole and the microscopic origin of the dS-black hole entropy.
The organisation of this paper is as follows: In section II we shall introduce the notation and
two independent Casimir operators of the dS group. Section III is devoted to a brief review of the
one-particle Hilbert space; we find the total number of quantum states, which, remarkably, turns out
to be finite. The time evolution operator is introduced in Section IV. The quantum dS-black hole, in
particular its quantum state and entropy, are discussed in section V. Conclusions and an overview of
this work, with possible extensions, are presented in the final section.
II. NOTATION AND TERMINOLOGY
The dS space-time can be identified with a 4-dimensional hyperboloid embedded in the 5-
dimensional Minkowski space-time:
MH = {x ∈ IR5| x · x = ηαβxαxβ = −H−2}, α, β = 0, 1, 2, 3, 4, (II.1)
∗
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2where ηαβ =diag(1,−1,−1,−1,−1) and H is the Hubble parameter. The dS metric is
ds2 = ηαβdx
αdxβ|x2=−H−2 = gdSµνdXµdXν , µ = 0, 1, 2, 3, (II.2)
where Xµ is the set of 4-space-time intrinsic coordinates on the dS hyperboloid. In this paper we
use the 5-dimensional Minkowski space-time xα with the condition (x · x = −H−2 ) which together
constitute the ambient space formalism. For simplicity, we shall hereafter set H = 1 wherever it is
convenient and immaterial. The dS group is defined by:
SO(1, 4) =
{
Λ ∈ GL(5, IR)| det Λ = 1, ΛηΛt = η
}
,
where Λt is the transpose of Λ . The action of the dS group on the intrinsic coordinates Xµ is a
non-linear operation, however on the ambient space coordinate xα , it is linear:
x′α = Λαβx
β, Λ ∈ SO(1, 4) =⇒ x · x = x′ · x′ = −H−2.
The ambient space coordinate xα can be defined by a 4× 4 matrix X :
X =
(
x0I x
x† x0I
)
, (II.3)
I is the 2× 2 unit matrix where
x =
(
x4 + ix3 ix1 − x2
ix1 + x2 x4 − ix3
)
. (II.4)
Note that x can be represented by a quaternion x ≡ (x4, ~x) with the norm:
|x| = (xx˜) 12 =
√
(x1)2 + (x2)2 + (x3)2 + (x4)2,
where x˜ ≡ (x4,−~x) is the quaternion conjugate of x [14]. In the matrix notation, we have x˜ = x†
and the norm can be written as |x|2 = 12Tr(xx†) . The matrix X may be expressed in an alternative
form which is more convenient for our considerations in this paper:
6 x = ηαβγαxβ = Xγ0 =
(
x0I −x
x˜ −x0I
)
, 6 x 6 x = x · x I1, 1
4
Tr (6 x 6 x) = x · x, (II.5)
where I1 is a 4× 4 unit matrix and the five matrices γα satisfy the following conditions [8]:
γαγβ + γβγα = 2ηαβ γα† = γ0γαγ0.
We also use the following representation for γ matrices in this paper [8]:
γ0 =
(
I 0
0 −I
)
, γ4 =
(
0 I
−I 0
)
,
γ1 =
(
0 iσ1
iσ1 0
)
, γ2 =
(
0 −iσ2
−iσ2 0
)
, γ3 =
(
0 iσ3
iσ3 0
)
, (II.6)
where σi (i = 1, 2, 3) are the Pauli matrices. In this representation the matrix 6 x transforms by the
group Sp(2, 2) according to:
6 x′ = g 6 xg−1, g ∈ Sp(2, 2), Tr ( 6 x 6 x) = Tr (6 x′ 6 x′) =⇒ x · x = x′ · x′ = −H−2.
3The group Sp(2, 2) is:
Sp(2, 2) =
{
g =
(
a b
c d
)
, det g = 1, γ0g˜tγ0 = g−1
}
. (II.7)
The elements a,b, c and d are quaternions and Sp(2, 2) is the universal covering group of SO(1, 4)
[8]:
SO0(1, 4) ≈ Sp(2, 2)/ZZ2, Λ βα γα = gγβg−1. (II.8)
For the 4× 4 matrix g , we have g˜t = g† .
In this paper, two different types of homogeneous spaces are used to construct the UIR of the dS
group: the quaternion u ≡ (u4, ~u) with norm |u| = 1 which is called three-sphere S3 (or u -space),
and the quaternion q ≡ (q4, ~q) with norm |q| < 1 which is called "closed unit ball" or for simplicity
"the unit ball B " (or q -space).
These two homogeneous spaces can be regarded as the sub-spaces of the positive cone C+ , which
is defined as C+ =
{
ξ ∈ IR5| ξ · ξ = 0, ξ0 > 0
}
. Thus the null 5-vector ξα = (ξ0, ~ξ, ξ4) ∈ C+ may
be written, uniquely, as:
ξαu ≡ (ξ0, ξ0 u), |u| = 1; ξαB ≡ (ξ0, ξ0 coth κ q), |q| = | tanh κ| = r < 1. (II.9)
Since ξ · ξ = 0, from the mathematical point of view, ξ0 is completely arbitrary, i.e. ξα is scale
invariant.
If we choose q = ru with r < 1 , we obtain
ξαB = (ξ
0, ξ0 coth κ q) ≡ (ξ0, ξ0 u) = ξαu .
In this notation, x · ξ may be written in the following form:
6 x 6 ξ+ 6 ξ 6 x = 2 x · ξ I1 =⇒ x · ξ = 1
4
Tr 6 x 6 ξ , (II.10)
whence both are invariant under the action of the dS group:
x′ · ξ′ = x · ξ, Tr 6 x′ 6 ξ′ = Tr 6 x 6 ξ. (II.11)
Here the ξ -space plays the role of the energy-momentum kµ in the Minkowski space-time and it can
be chosen for massive field as [9]:
ξαu ≡ ξ0
(
1,
~k
k0
,
Hν
k0
)
, k0 6= 0, ν 6= 0, (k0)2 − ~k · ~k = (Hν)2,
where ν is the principal series parameter which will be further explained in the next section. For the
massless field, ξ , we have:
ξαB = ξ
0
(
1,
q
r
)
≡ ξ0
(
1,
~k
k0
,
H
k0
)
, k0 6= 0, (k0)2 − ~k · ~k = H2.
In the null curvature limit, we obtain precisely the massive and the massless energy momentum,
(k0)2 − ~k · ~k = m2 and (k0)2 − ~k · ~k = 0 respectively.
The dS group has two Casimir operators: a second-order Casimir operator,
Q(1) = −1
2
LαβL
αβ, α, β = 0, 1, 2, 3, 4, (II.12)
4and a fourth-order Casimir operator,
Q(2) = −WαWα , Wα = 1
8
ǫαβγδηL
βγLδη , (II.13)
where ǫαβγδη is the familiar anti-symmetric tensor in IR
5 and Lαβ are the infinitesimal generators of
the dS group, Lαβ =Mαβ + Sαβ . In the ambient space formalism the orbital part, Mαβ , is
Mαβ = −i(xα∂β − xβ∂α) = −i(xα∂⊤β − xβ∂⊤α ), (II.14)
where ∂⊤β = θ
α
β ∂α and θαβ = ηαβ +H
2xαxβ is the projection tensor on the dS hyperboloid. Integer
spin fields can be represented by the symmetric tensor fields of rank l , Kγ1...γl(x) and the spinorial
action reads [10]:
S
(l)
αβKγ1......γl = −i
l∑
i=1
(
ηαγiKγ1....(γi→β)....γl − ηβγiKγ1....(γi→α)....γl
)
, (II.15)
where (γi → β) means that γi are to be replaced by β .
For the j = 2 integer, the Casimir operator Q
(1)
2 acts on a rank-2 symmetric tensor filed
Kα1α2(x) ≡ K(x) as [10, 11]:
Q
(1)
2 K(x) = Q(1)0 K(x) − 2Σ1∂x · K(x) + 2Σ1x∂ · K(x) + 2ηK′(x)− 6K(x), (II.16)
where
Q
(1)
0 = −
1
2
MαβM
αβ = −H−2∂⊤ · ∂⊤ ≡ −H−2H . (II.17)
H is the Laplace-Beltrami operator of the dS space-time. K′ is the trace of the rank-2 tensor field
K(x) ; and Σp is the non-normalized symmetrization operator:
K′ = ηα1α2Kα1α2 , (II.18)
(ΣpAB)α1...αl =
∑
i1<i2<...<ip
Aαi1αi2 ...αipBα1... 6αi1 ... 6αi2 ... 6αip ...αl . (II.19)
The tensor field K(x) on the dS hyperboloid is transverse (x · K = 0) and is a homogeneous function
of the variables xα with degree λ [12]:
x · ∂K(x) = λK(x), or K(lx) = lλK(x).
The field equations may thus be written [13]:
(
Q
(1)
2 −
〈
Q
(1)
2,p
〉)
K(x) = 0 , (II.20)
where
〈
Q
(1)
2,p
〉
is the eigenvalue of the Casimir operator which will be defined presently.
5III. UNITARY IRREDUCIBLE REPRESENTATION AND HILBERT SPACE
The Casimir operators commute with the generators of the dS group and as a consequence, they
are constant in each unitary irreducible representation (UIR) of the dS group. The UIRs of the dS
group are classified by the eigenvalues of the Casimir operators [14–17]:
Q
(1)
j,p = (−j(j + 1)− (p+ 1)(p − 2)) Id ≡ Q(1)j , (III.21)
Q
(2)
j,p = (−j(j + 1)p(p − 1))Id, (III.22)
Id is the identity operator. Three types of representations, corresponding to the different values of
the parameters j and p , exist [2]. Here, only the spin-2 field is considered:
• Principal series representation,
j = 2, p =
1
2
+ iν, ν ∈ IR , ν ≥ 0 ;
〈
Q
(1)
2
〉
= −15
4
+ ν2 . (III.23)
• Discrete series representation,
j = 2 , p = 1, 2 ;
〈
Q
(1)
2
〉
= −6 , −4. (III.24)
• Complementary series representation,
j = 2 , 0 < p− p2 = µ2 < 1
4
;
〈
Q
(1)
2
〉
= −4 + µ2 . (III.25)
The principal series representation of the dS group was constructed in the compact homogeneous
three-sphere space, S3 or u -space [14]:
U (j,p)(g) |u,mj ; j, p〉 = |cu + d|−2(1+p)
∑
m′
j
D
(j)
mjm
′
j
(
(cu + d)−1
|cu + d|
) ∣∣∣g−1 · u,m′j ; j, p〉 , (III.26)
where g−1 · u = (au + b)(cu + d)−1 with g−1 =
(
a b
c d
)
∈ Sp(2, 2) . D(j)
mjm
′
j
furnish a certain
representation of the SU(2) group in a (2j + 1)−dimensional Hilbert space V j :
D
(j)
mm′(u) =
[
(j +m)!(j −m)!
(j +m′)!(j −m′)!
] 1
2 ×
∑
n
(j +m′)!
n!(j +m′ − n)!
(j −m′)!
(j +m− n)!(n−m−m′)!u
n
11u
j+m−n
12 u
j+m′−n
21 u
n−m−m′
22 . (III.27)
The representation U (j,p) act on an infinite dimensional Hilbert space H(j,p)u :
|u,mj ; j, p〉 ∈ H(j,p)u , ξu = (ξ0, ξ0u), ξ0 > 0, |u| = 1, −j ≤ mj ≤ j.
The UIR of the dS group for discrete series is constructed on the unit ball homogeneous space B
or q -space [14]:
T (j1,j2,p)(g) |q,mj1 ,mj2 ; j1, j2, p〉 = |cq + d|−2(1+p)×
6∑
m′
j1
m′
j2
D
(j1)
m′
j1
mj1
(
(a + bq¯)−1
|cq + d|
)
D
(j2)
mj2m
′
j2
(
(cq + d)−1
|cq + d|
) ∣∣∣g−1 · q,m′j1 ,m′j2; j1, j2, p
〉
. (III.28)
In this case, one has an infinite dimensional Hilbert space H(j1,j2,p)q ,
|q,mj1 ,mj2; j1, j2, p〉 ∈ H(j1,j2,p)q , q = ru ∈ IR4, |q| = r < 1, |u| = 1, −j ≤ mj ≤ j.
The discrete series representations T (j,0,p) and T (0,j,p) are proportional to the two representations
Π+j,p and Π
−
j,p in the Dixmier notation [17]:
T (0,j;p)(g) |q,mj ; j, p〉 = |cq + d|−2p−2
∑
m′
j
D
(j)
mjm
′
j
(
(cq + d)−1
|cq + d|
) ∣∣∣g−1 · q,m′j ; j, p〉 , (III.29)
and
T (j,0;p)(g) |q,mj ; j, p〉 = |cq + d|−2p−2
∑
m′
j
D
(j)
m′
j
mj
(
(a + bq¯)−1
|cq + d|
) ∣∣∣g−1 · q,m′j ; j, p〉 . (III.30)
The representations Π±j,j in the null curvature limit correspond to the Poincaré massless field with
helicity ±j .
As regards (III.29) and (III.30), one can show that the two representations with the values p1 and
p2 are unitary equivalents (p1 + p2 = 1) [14]:
S |q,mj ; j, p〉 = |q,mj ; j, 1 − p〉 , ST (0,j;p)(g)S† = T (0,j;1−p)(g), (III.31)
with SS† = 1. It implies that the representation T (0,j;p)(g) for the p = 12 , 1, 32 , 2, ... values is the
unitary equivalent of T (0,j;1−p)(g) with p = 12 , 0,−12 ,−1, ... . The eigenvalues of the Casimir operators
for these two set of value or under the transformation p −→ 1− p , do not change.
The complementary series representations can only be associated with the tensor fields with j =
0, 1, 2, .. . These are constructed on u− space or q− space [14, 17]. Among these representations, only
the scalar representation with j = p = 0 has corresponding Poincaré group representation in the
null curvature limit. This representation relates to the massless conformally coupled scalar field [18].
The massless conformally coupled scalar field is the building block of the massless fields in dS space,
since all the other massless spin fields can be constructed using this field. The complementary series
representation with j = p = 0 is defined as [14]:
U (0,0)(g) |u, 0; 0, 0〉 = |cu + d|−2
∣∣∣g−1 · u, 0; 0, 0〉 . (III.32)
The scalar products in these Hilbert spaces are presented by a function W(u,u′) which is defined on
S3 × S3 [14]. The equivalent unitary representation (III.32) is corresponds to j = 0, p = 1, this is:
U (0,1)(g) |u, 0; 0, 1〉 = |cu + d|−4
∣∣∣g−1 · u, 0; 0, 1〉 . (III.33)
One of the most important result that follow from this formalism is that the total volume of the
homogeneous spaces, in which the UIR of the dS group are constructed, namely q -space or u -space
(ξ -space), is finite:
ˆ
S3
dµ(u) = 1,
ˆ
B
dµ(q) =
π2
2
,
7where dµ(u) is the Haar measure or SO(4) -invariant normalized volume on the three-sphere S3 and
dµ(q) = 2π2r3drdµ(u) is the Euclidean measure on the unit ball B [14]. We have used the definition
q = ru ∈ B with u ∈ S3, r < 1 .
Here the two x - and ξ -spaces play a role similar to space-time and energy-momentum in
Minkowskian space-time. The existence of a maximum allowed length for an observable implies,
by virtue of the Heisenberg uncertainty principle, the existence of a minimum size in the ξ -space (or
the parameters in Hilbert space). Each point in ξ -space represents a vector in Hilbert space and,
mathematically, the number of points is infinite. From the finiteness of the total volume of ξ -space
and the existence of a minimum length in ξ -space (by virtue of the Heisenberg uncertainty principle),
we deduced that the total number of points is physically finite. Thus, although one can mathemat-
ically define an infinite dimensional Hilbert space, nonetheless a minimum length in ξ -space makes
the total number of quantum states physically finite. For the principal series (H(j,p)u ), we have [1]:
N
H
(j,p)
u
= (2j + 1)
ˆ
S3
dµ(ξu) = f(H, j, ν, ξ
0) = finite value, (III.34)
and for discrete series H(j1,j2,p)q , it is
N
H
(j1,j2,p)
q
= (2j1 + 1)(2j2 + 1)
ˆ
B
dµ(ξB) = finite value. (III.35)
The total number of quantum states is a function of H , p , j and ξ0 . This result is due to the
existence of a minimum length and the compactness of the homogeneous spaces in which the Hilbert
spaces (or the UIR) are constructed. Thus the entropy for this Hilbert spaces is finite [1].
IV. THE TIME EVOLUTION OPERATOR
In order to define the time evolution operator U(t) , such that |α, t〉 = U(t)|α〉 , we must first define
the time of an observer or the coordinate system. We chose the static coordinate system with:

x0 =
√
H−2 − r2 sinhHts
x1 =
√
H−2 − r2 coshHts
x2 = r cos θ
x3 = r sin θ cosφ
x4 = r sin θ sinφ
(IV.1)
where −∞ < ts < ∞ , 0 ≤ r < H−1 , 0 ≤ θ ≤ π , 0 ≤ φ < 2π . This coordinate system does not
cover all the de Sitter hyperboloids. In this coordinate system the metric is:
ds2 =
(
1− r2H2
)
dt2s −
(
1− r2H2
)−1
dr2 − r2
(
dθ2 + sin2 θdφ2
)
, (IV.2)
and the time-like Killing vector field is:
B0 = i
r coshHts√
H−2 − r2∂ts .
In ambient space formalism, the time translation operator in the two-dimensional (θ = φ = 0) de
Sitter space-time is:
g(Hτ) =

 coshHτ sinhHτ 0sinhHτ coshHτ 0
0 0 1

 , g(Hτ)x(ts, r) = x(ts + τ, r). (IV.3)
8The time translation is the subgroup SO(1, 1) whose generator can be obtained as follow:
g(Hτ) ≡
(
Λ(Hτ) 0
0 1
)
, Λ(Hτ) ∈ SO(1, 1) , (IV.4)
=⇒ J = iH−1 d
dτ
Λ(Hτ)
∣∣∣∣
τ=0
= i
(
0 1
1 0
)
=⇒ Λ(Hτ) = e−iHτJ . (IV.5)
Exercise: Fined the representation of J in the de Sitter Hilbert space |u,mj ; 2, p〉
( 〈u′,m′j ; 2, p|J |u,mj ; 2, p〉 =?). Also calculate U(τ) |u,mj ; 2, p〉 =?. Verify that UU † = 1 and
U(τ1)U(τ2) = U(τ1 + τ2) .
The relevant exercise for the case of a scalar field was considered in [18]. Thus we have a time
evolution operator which is unitary.
V. QUANTUM BLACK HOLE
In this section, we use the background field method to study a black hole in the de Sitter space-time.
The de Sitter metric in the statics coordinate system is:
ds2
∣∣∣
dS
=
(
1−H2r2
)
dt2 −
(
1−H2r2
)−1
dr2 − r2
(
dθ2 + sin2 θdφ2
)
. (V.1)
And the de Sitter-Schwarzschild black hole metric is:
ds2
∣∣∣
dSB
=
(
1− 2GM
r
−H2r2
)
dt2 −
(
1− 2GM
r
−H2r2
)−1
dr2 − r2
(
dθ2 + sin2 θdφ2
)
. (V.2)
For an observer far from the black hole where the condition Hr > GM
r
holds, the metric can be
divided into two parts: the de Sitter metric as the background, and a perturbation field hµν :
gdSBµν = g
dS
µν + hµν . (V.3)
Then one can simply express the perturbation field hµν , imposed on dS background, as:
hµν = g
dSB
µν − gdSµν . (V.4)
In this approximation, the problem of the quantum black hole is reduced to that of quantizing the
perturbation field hµν and defining the Hilbert space. This field is a rank-2 symmetric tensor, which
was completely considered in the ambient space formalism in the previous articles [13, 19–24]. Here
we simply quote the important results of those articles which are necessary for calculating the entropy
of the black hole from the Hilbert space, for an observer far from the black hole.
The metrics within the two formalisms are related according to:
ds2
∣∣∣
dS
= ηαβdx
αdxβ|x2=−H−2 = gdSµνdXµdXν , µ = 0, 1, 2, 3, (V.5)
where Xµ is the static coordinate system. The rank-2 symmetric tensor field Kαβ in ambient space
can be easily calculated from the following relation:
dXµ =
∂Xµ
∂xα
dxα =⇒ Kαβ = ∂X
µ
∂xα
∂Xν
∂xβ
hµν . (V.6)
Exercise: Use the condition |h|2 ≈ 0 (i.e. the linear approximation) to calculate: a) the rank-2
symmetric tensor Kαβ , b) the field equation for hµν , and c) the field equation for Kαβ (see [24]).
From the field equation for Kαβ , we conclude that there exist four possibilities:
91. K may be a spin-2 massless elementary field which can be associated with the discrete series
representation; the relevant field equation being [19, 20]:(
Q
(1)
2 + 6
)
Kαβ = 0, or Q(1)0 Kαβ = 0.
In the discrete series representation there exists another spin-2 auxiliary field, which their field
equation is [23]: (
Q
(1)
2 + 4
)
Kαβ = 0 .
In these cases the Hilbert space is:
|q,mj1 ,mj2 ; j1, j2, p〉 ∈ H(j1,j2,p)q , q = ru ∈ IR4, |q| = r < 1, |u| = 1, −2 ≤ mj ≤ 2.
We have two helicity: j1 = 2, j2 = 0 and j1 = 0, j2 = 2. q is a quaternion with the norm
|q| < 1 .
2. K may be a spin-2 massive elementary field which can be associated with the principal series
representation. The field equation is [2]:[
Q
(1)
2 −
(
ν2 − 15
4
)]
Kαβ(x) = 0 .
The Hilbert space is:
|u,mj ; 2, p〉 ∈ H(j,p)u , ξu = (ξ0, ξ0u), ξ0 > 0, |u| = 1, −2 ≤ mj ≤ 2.
3. K may be a spin-2 elementary field which can be associated with the complementary series
representation. The field equation is [2]:(
Q
(1)
2 + 4 + p
2 − p
)
Kαβ = 0 .
The complementary series is constructed in the unit ball homogeneous space B or q -space [14].
4. K may be a spin-2 field which is not an elementary field: rather, it is a composite field. In This
case the Hilbert space is the tensorial product of different Hilbert spaces for each component.
Thus the quantum state of a de Sitter black hole in the linear approximation in a general case may
be formally written as:
|QBHS〉 ∝
∑
j,p,mj
ˆ
B
dµ(q) · · ·
∑
j′,p′,m′
j
ˆ
B
dµ(q′)×
C(q, j, p,mj ; · · · ;q′, j′, p′,m′j) |q,mj ; j, p〉 ⊗ · · · ⊗
∣∣∣q′,m′j ; j′, p′〉 , (V.7)
which is written thus for discrete series. Finding the explicit form of the coefficient C is left to the
reader as an exercise. In the case of principal and complementary series, the summation over p is
replaced with an integral.
Since the total volume of q - or u -space is finite,
ˆ
S3
dµ(u) = 1,
ˆ
B
dµ(q) =
π2
2
, dµ(q) = 2π2r3drdµ(u),
10
and since a minimum length in these spaces exists (by virtue of the uncertainty principle), the total
number of points in the “one-particle” Hilbert space becomes “physically” finite . It follows that the
total number of quantum states in these Hilbert spaces is finite [1]. For the de Sitter black hole due
to the appearance of interaction, which is a bounded force classically, the de Sitter black hole entropy
is:
SdSB < SdS = kB lnNren. (V.8)
Using equation (IV), we obtain, for an observer far from the black hole, the time evolution operator
of the black hole:
|QBHS, t〉 = U(t)|QBHS〉 , (V.9)
which is unitary. The representation of the time translation generator J in the black hole Hilbert
space is quite cumbersome. Obtaining the explicit form of the generator J is left to the serious reader
as an exercise.
VI. CONCLUSION AND OUTLOOK
The de Sitter ambient space formalism has permitted us to solve numerous problems of QFT in
curved space time and quantum gravity [2]. In this article we gave an outline of how the problems
of the quantum state and its time evolution can be solved using the ambient space formalism for the
quantum dS-black hole in the linear approximation. Interestingly, the entropy turns out to be finite
too. Some calculations, which however do not change the results presented here, are left for the reader
as exercises.
Acknowledgements: The author wishes to express his particular thanks to J.P. Gazeau and S.
Tehrani-Nasab for helpful discussions.
[1] M.V. Takook, Annals of Phys. 367, 6 (2016), Entropy of Quantum Fields in de Sitter Space-time,
[arXiv:1306.3575v2].
[2] M.V. Takook, Quantum Field Theory in de Sitter Universe: Ambient Space Formalism,
[arXiv:1403.1204v5].
[3] S. Moradi, S. Rouhani, M.V. Takook, Phys. Lett. B 613, 74(2005), Discrete symmetries for spinor field in
de Sitter space, [arXiv:gr-qc/0502022]; Erratum, Phys. Lett. B 658, 284(2008).
[4] A. Pahlavan, S. Rouhani, M.V. Takook, Phys. Lett. B 627, 217(2005), N = 1 de Sitter supersymmetry
algebra, [ arXiv:gr-qc/0506099].
[5] S. Rouhani, M.V. Takook, Mod. Phys. Lett. A 20, 2387(2005), Abelian gauge theory in de Sitter space,
[arXiv:gr-qc/0502019 ].
[6] S. Parsamehr, M. Enayati, M.V. Takook, Eur. Phys. J. C 76, 260(2016), Super-gauge field in de Sitter
universe, [arXiv:1504.00453].
[7] J.P. Gazeau, M.V. Takook, Higgs Field and the Massless Minimally Coupled Scalar Field in de Sitter
Universe, [arXiv:1612.08024].
[8] P. Bartesaghi, J.P. Gazeau, U. Moschella, M.V. Takook, Class. Quantum Gra. 18(2001)4373 Dirac fields
and thermal effects in de Sitter universe.
[9] J. Bros, J.P. Gazeau, U. Moschella, Phys. Rev. Lett. 73, 1746 (1994), Quantum field theory in the de Sitter
universe.
[10] J.P. Gazeau, M. Hans, J. Math. Phys. 29, 2533 (1988), Integral-spin fields on (3 + 2) -de Sitter space.
11
[11] M.V. Takook, A. Azizi, E. Babaian, Eur. Phys. J. C 72, 20206 (2012), Covariant Quantization of Massive
Spin- 3
2
Fields in the de Sitter Space, [arXiv:1206.1997].
[12] P. A. M. Dirac, Annals of Math. 36, 657 (1935), The electron wave equation in de Sitter space.
[13] T. Garidi, J. P. Gazeau and M. V. Takook, J. Math. Phys. 44, 3838(2003),Massive spin-2 field in de Sitter
space, [arXiv:hep-th/0302022].
[14] B. Takahashi, Bull. Soc. Math. France 91, 289(1963), Sur les représentations unitaires des groupes de
Lorentz généralisés.
[15] L.H. Thomas, Ann. of Math. 42, 113 (1941), On unitary representations of the group of de Sitter space.
[16] T.D. Newton, Ann. of Math. 51, 730 (1950), A note on the representations of the de Sitter group.
[17] J. Dixmier, Bull. Soc. Math. France 89, 9 (1961), Représentation intégrables du group de de Sitter.
[18] J. Bros, U. Moschella, Rev. Math. Phys. 8, 327 (1996), Two-point functions and quantum fields in de Sitter
universe, [gr-qc/9511019].
[19] M.V. Takook, Iranian Physical Journal 3, 1 (2009), Linear gravity in de Sitter universe.
[20] M.V. Takook, S. Rouhani, Quantum linear gravity in de Sitter universe On Bunch-Davies vacuum state,
[arXiv:1502.04814].
[21] M. Enayati, S. Rouhani, M.V. Takook, Int. J. Theor. Phys. 55, 5055 (2016) Quantum Linear Gravity in
de Sitter Universe on Gupta-Bleuler vacuum state, [arXiv:1208.5562v2].
[22] M.V. Takook, M. R. Tanhayi, and S. Fatemi, J. Math. Phys. 51(2010)032503, Conformal linear gravity in
de Sitter space, [arXiv:0903.5249].
[23] H. Pejhan, M.R. Tanhayi, M.V. Takook, Int. J. Theor. Phys. 49, 2263 (2010), Auxiliary Massless Spin-2
Field in De Sitter Universe, [arXiv:1101.4311].
[24] M.V. Takook, M. R. Tanhayi, JHEP 12(2010)044, Linear Weyl gravity in de Sitter universe,
[arXiv:0903.2670].
